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Abstract 
Many data are investigated by questionnaire. However, these data using questionnaire are discrete and more 
continuous data are needed. Therefore, a method of obtaining continuous data from discrete survey data based on 
non-linear least square and corresponding algorithm are proposed in this paper. Moreover, the survey data of 
travelers’ income in Beijing-Shanghai Corridor are studied, and experimental results indicate that the method 
proposed is effective. 
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1.  Introduction 
 Integrated transport is a complex system which consist many different divisions in accordance with 
the various modes of transport technical and economic characteristics. Proper study on mode split and 
forecasts of passenger volumes are basic works in the research of transportation. At present, random 
utility model (RUM) is popularly used for mode split and it is derived from the principle that each 
individual will choose alternative among those available so that they have maximum utility [1]. 
There are many factors such as traveling fares, traveling time and income of travelers influencing 
travelers’ behavior for mode choice. The data of traveling fares and time can be obtained from airlines, 
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railway stations and bus terminals. As for passengers’ income, they must be obtained by survey. 
However, it is impossible for every traveler to provide his income precisely. Therefore, a questionnaire 
should be designed as simple as possible when we collect data. One simple and common method is to 
provide several intervals of income in the questionnaire and let the investigated passengers to choose a 
suitable interval according to their income. These survey data are discrete by questionnaire. In this paper, 
we focus on the technique of continua recovery from the discrete survey data to meet the needs of real 
economy research. 
2. Data Source and Analysis 
In real life, there are many random variables, which are influenced by a large number of independent 
stochastic factors. Among these factors, if the effect of each individual is very small, the random 
variables should follow normal distribution approximately [2]. In generally speaking, the income of 
residents is roughly normally distributed [3-6], that is to say, most residents’ income are close to the 
average, though a small number of outliers have income significantly above or below the mean. 
Therefore, we assume that monthly income of passengers follows normal distribution in this paper. 
Because it is expensive to collect the data of passengers’ income by questionnaire, the data in this 
paper come from [7] and are shown in table I. 
TABLE I The Survey Data of Different Traffic Modes for Passengers in Beijing-Shanghai Corridor   
                                                                                                                    UNIT: PERSON 
Monthly income 
(yuan) 
Rail-
way 
Air-
plane Train 
Expr-
ess 
High-speed 
Train Total 
<500 327 24 204 165 104 823 
500-1000 851 112 425 516 368 2270 
1000-1500 352 192 268 656 619 2086 
1500-2500 108 370 94 160 404 1135 
>2500 87 489 65 127 451 1219 
total 1725 1185 1055 1623 1946 7534 
Let X represents monthly income of travelers, and suppose the distribution of X is normal with 
mean P and standard deviationV , i.e. ),(~ 2VPNX . The density function is 
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where ii dc , are the lower and upper limit of i th income interval ],[ ii dc  respectively. ib is the proportion 
of the travelers whose income belong to the i th interval. According to table 1, we 
have ; 1000 ,500 ; 500 , 2211    f dcdc   
 Dongqing Zhang and Yubing Han /  Physics Procedia  25 ( 2012 )  479 – 484 481
 
ˈ2500  ; 2500 ,1500  ; 1500 ,1000 54433      cdcdc  f 5d . 
3.Calibration of Income Distribution Function 
A. Calibration 
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Because ),( VPiP is nonlinear function, the point estimation of unknown parameters VP, is obtained 
by using a nonlinear least square method [8]. At first, a Taylor series expansion is applied 
on ),( VPiP with respect to ),( 00 VP , and we obtain. 
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 Set VGVVGPP    00 ,u , then  
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 The solution procedure of one ordered partial derivatives of the function is as follows. 
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 Let one ordered partial derivatives of the function equal to zero, then 
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 Equation (8) can be transformed as 
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 For simplicity, the matrix expression is given by. 
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 If A  is invertible, the vector X can be obtained. To avoid the ill posed due to non-invertible or large 
condition number of matrix A , a regularization parameterO is introduced, and (10) becomes 
BYIA   )( O                                   (13) 
 Multiplying 1)(  IA O  on both sides, then 
BIAY  1)( O                      (14) 
 According to the definition of T),( VP GG Y , VP GG , can be obtained. 
 As is stated above, we can summarize the nonlinear LS estimation methods for the continuance of 
discrete panel survey data as follows: 
1) Initialize parameters 00 ,VP ;  
2) Calculate the partial derivatives 
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3) Form matrix A  and vector B ; 
4) Solve equation BAY   and obtain T),( VP GG Y ˗ 
5) Set VGVVGPP   00 ,u ˗ 
 If HGG VP d
22  is satisfied, then exit; otherwise set VVPP   00 , and turn to step 2). 
 
B. Experimental results 
 We use the data in table I, and set 81  eH . According to the algorithm in subsection A, the 
parameters VP,  is estimated as 69.367ˆ,3.1470ˆ   VP , and the PDF of monthly income of passengers 
is 
2)69.367(2
2)3.1470(
69.3672
1)( u

u
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 To validate the effectiveness of the proposed method, 7534 data are randomly generated according to 
normal distribution of (15), and rearranged in table II. 
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TABLE II Random Generated Data and Actual Survey Data of Travelers’ Income                                                                                                            
Number Monthly income (yuan)
Actual survey 
data (person)
Random generated 
data (person) 
Relative error
˄%˅ 
1 <500 823 875 6.32 
2 500-1000 2270 2148 - 5.37 
3 1000-1500 2086 2174 4.22 
4 1500-2500 1135 1165 2.64 
5 >2500 1219 1172 -3.86 
 The parameters VP, are estimated as ,3.1470ˆ  P  69.367ˆ  V , that is to say, the average of 
travelers’ income is about 1470.3 yuan, which is accordant with the Chinese practical situation in 2002. 
 From the data in table II, we can see that the random generated data according to (15) approximate to 
the real ones. However, the relative error is big. It is because that the income is divided into 5 intervals in 
our experiment and every interval length is too large. To improve the precision of model estimation, 
intervals should be far enough apart so that each interval length is short. 
4.  Conclusion 
 The survey data are always discrete, but more continuous data are needed in practice. Therefore, a 
continuance method for discrete survey data based on nonlinear LS estimation is proposed in this paper. 
The data of travelers’ income in Beijing-Shanghai corridor are analyzed, and experimental results 
demonstrate that the proposed method is effective and reliable. Though the relative error is not so small, 
but the result is convinced, and it provides a new idea for continuance and interpolating for discrete panel 
survey data. 
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